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Variational molecular calculations without assuming the Born–Oppenheimer approximation
of states corresponding to zero total angular momentum require the use of spherically
symmetric basis functions explicitly depending on the electron–electron, electron–nucleus, and
nucleus–nucleus distances. In our calculations, such functions have been the explicitly
correlated Gaussians. For molecules with three nuclei, the Gaussians have to be multiplied by
powers of all three internuclear distances to describe the highly correlated motion of the
nuclei. In this work we have derived formulae for the overlap and the Hamiltonian matrix
elements for such basis functions. Implementation of the formulae presents some
unconventional numerical difficulties related to maintaining the required precision of the
calculation. The implementation problems are discussed.

1. Introduction

Quantum mechanical (QM) molecular calculations
without assuming the Born–Oppenheimer (BO) approx-
imations regarding the separability of the motion of
electrons (presumed fast) and the nuclear motion
(presumed slow) are rare. There are several reasons
contributing to low interest in such calculations.
First of all, most problems that appear in chemistry
concern molecular systems in ground electronic states at
equilibrium geometries. For such systems the BO
approximation works very well. Even if the system is
electronically excited or it is distorted from equilibrium
by vibrational motion, non-adiabatic effects rarely come
into play, and, if they do, in most cases they can be
treated using a local approach developed to describe
conical intersections of the potential energy surfaces of
two interacting electronic states. However, in order for
the QM molecular calculations to match or predict gas-
phase high-resolution spectroscopy results, especially
for highly excited rho-vibrational states, one has to
resort to calculations that invoke the BO approxima-
tion. For example, in our recent study of the HDþ [1]
system we showed quantitatively that, in the rotationless
states lying near the dissociation limit, the electron is
almost entirely localized around the deuteron. This
purely non-adiabatic effect cannot be described with a
method based on the BO approximation.

Another reason for the low popularity of non-BO
calculations is their high degree of difficulty, resulting
from the need to simultaneously describe both the
electronic and the nuclear component of the wave
function. The difficulty arises because not only do the
electron–electron correlation effects have to be accu-
rately described, but also the nucleus–nucleus correla-
tion and the nucleus–electron correction have to be very
well represented. One would think that since the
electrons, as well as the nuclei, are particles with alike
charges (and some nuclei such as protons are fermions
as are the electrons) the electron correlation should be
similar to the nucleus correlation. But this is not so,
because, while the light electrons overlap significantly,
the much heavier nuclei are separated from each other
and overlap very little. The nucleus–electron correlation
by itself represents a special class due to the attractive
interaction, which causes the electrons (particularly
the core electrons) to follow the nuclei. In order to
accurately describe the three correlation effects men-
tioned above in the non-BO QM calculation, one needs
to select a basis set that correctly describes the physical
nature of the effects in the wave function. Basis set
selection is the major challenge in such calculations.

Another aspect of basis set selection is related to the
spatial symmetry of the non-adiabatic wave function
that has to reflect the symmetry of the internal
Hamiltonian operator that is obtained after the centre-
of-mass motion is separated out. In our approach,
the separation is accomplished by taking the full
non-relativistic Hamiltonian expressed in terms of the*Corresponding author. e-mail: ebednarz@u.arizona.edu
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laboratory Cartesian coordinates and by separating
out the kinetic energy of the centre-of-mass motion. All
particles in the system are treated as quantum particles.
The total number of particles (i.e. the electrons and the
nuclei) is set to be nþ 1 and their masses, charges and
positions are denoted Mi, Qi, and Ri, respectively, where
i ¼ 1, . . . , nþ 1. The laboratory frame non-relativistic
Hamiltonian that includes the kinetic energy operator
for each particle and the Coulombic interaction within
each pair of particles has the form

ĤHTOT ¼ �
Xnþ1

i¼1

1

2Mi
r2
i þ

Xnþ1

i¼1

Xnþ1

j>i

QiQj

Rij
, ð1Þ

where Rij ¼ jRj � Rij are the inter-particle distances.
We then make a transformation to separate the centre-
of-mass motion, thereby reducing the ðnþ 1Þ-particle
problem to an n-pseudoparticle problem described by
the internal Hamiltonian, ĤH. In the new coordinate
system, the first three coordinates are Cartesian coordi-
nates of the position of the centre of mass of the system
in the laboratory coordinate frame. The remaining 3n
coordinates are coordinates describing the internal
motion of the system. The internal coordinate system
is obtained by placing a heavy particle at the origin
of the system and by referring the other particles to
that centre particle using the Cartesian position vectors
ri defined as ri ¼ Riþ1 � R1. The resulting internal
Hamiltonian is

ĤH ¼ �
1

2

Xn
i

1

�i
r2
i þ

Xn
i 6¼j

1

M1
r0
irj

 !
þ
Xn
i¼1

q0qi

ri
þ
Xn
i<j

qiqj

rij
:

ð2Þ

This Hamiltonian describes a system containing the
reference particle at the origin of the coordinates
with charge q0 ¼ Q1 and n pseudoparticles, or internal
particles, which are characterized by the reduced masses
�i ¼ M1Miþ1=ðM1 þMiþ1Þ and charges qi ¼ Qiþ1. The
pseudoparticles are moving in the spherically symmetric
potential generated by the reference particle placed at
the origin of the internal coordinate system. The second
term in parentheses is the mass polarization term that
arises from the transformation of the laboratory frame
coordinate system to the internal coordinate system,
which couples the motion of all the particles. The
potential energy terms ri and rij are defined as ri ¼ jrij

and rij ¼ jRjþ1 � Riþ1j ¼ jrj � rij. Due to its spherical
symmetry, the internal Hamiltonian (2) resembles an
atomic Hamiltonian. However, whereas in an atom,
all particles moving in the central positive charge
of the nucleus are only electrons, in the internal
Hamiltonian (2) the pseudoparticles may have both

positive and negative charges. Also, the mass of the
pseudoparticles may be significantly larger than the
mass of an electron.

The spherical symmetry (isotropy) of the internal
Hamiltonian dictates that its eigenfunctions form an
irreducible representation of a fully symmetric group
of 3D rotations. In particular, the ground state of
the molecule has to be fully symmetric with respect to
all rotations. In our non-BO calculations of diatomic
molecules with s electrons we have used the following
one-centre fully symmetric explicitly correlated
Gaussian basis functions [1–6]:

�k ¼ r2mk

1 exp½�r0ðAk � I3Þr�, ð3Þ

where the matrix Ak is a symmetric matrix of
exponential coefficients, r is a 3n� 1 vector of the
internal Cartesian coordinates, ri, of the n pseudopar-
ticles (r0 ¼ ðr01, r

0
2, . . . , r

0
nÞ), I3 is the 3� 3 identity matrix,

and the pre-exponential multiplier is the internuclear
distance, r1, raised to a non-negative even power 2mk. �k
are rotationally invariant functions as required by
the symmetry of the internal ground state of the
Hamiltonian (2). The presence of r2mk

1 in (5) makes
the function peak on a sphere centred at the origin.
The radius of the sphere depends on the value of mk

and on the exponential parameters, Ak. To describe a
diatomic system, the maximum of �k in terms of r1
should be around the equilibrium internuclear distance
of the system. In the variational calculation, the maxima
of �k are adjusted by optimization of mk and Ak.
The explicit presence of the electron–electron, the
nucleus–nucleus, and the nucleus–electron distances
in the Gaussian exponent of �k, as well as the r1
dependence of the pre-exponential multiplier, provides
the necessary functional features for describing the three
types of correlation effects mentioned above. It should
be noted that due to the presence of the rmk

1 factor,
the nucleus–nucleus correlation effects have a
different functional representation in �k than the
electron–electron correlation effects, since the rmk

1 factor
significantly reduces nuclear overlapping.

In several recent papers [1–6], we have demonstrated
that the explicitly correlated Gaussians (3) form a very
effective basis set for non-BO calculations, not only for
the ground state, but also for the ‘vibrationally’ excited
states of diatomic systems. We put the term ‘vibrational’
in quotes because, in the non-BO approach, the
vibrational and electronic degrees of freedom couple
and cannot be separated. Thus, the ‘vibrational states’ in
our calculations are states corresponding to a particular
value of the total rotational quantum number. All our
calculations so far have been performed for states with
zero rotational quantum number.

1170 E. Bednarz et al.

D
ow

nl
oa

de
d 

by
 [

V
U

L
 V

an
de

rb
ilt

 U
ni

ve
rs

ity
] 

at
 1

6:
50

 2
7 

M
ar

ch
 2

01
2 



The present work initiates the development of
the non-BO approach for calculating the ground
and excited states of triatomic molecules using a
one-centre explicitly correlated Gaussian expansion
for the wave function. We have already presented
some non-BO calculations of molecular systems
with more than three nuclei [8–10], but they were
performed in the basis set of correlated Gaussians
with shifted centres,

�k ¼ exp½�ðr� sÞ0ðAk � I3Þðr� sÞ�, ð4Þ

which are not spherically symmetric and do not allow
direct separation of states corresponding to different
rotational quantum numbers. The basis functions we
consider in the present work are a direct extension of
the one-centre explicitly correlated Gaussians used for
the diatomic case (3). In order to accurately describe the
correlated motion of the three nuclei in such a case, each
basis function, in addition to containing the r2nk1 pre-
exponential factor, should also include similar factors
involving the distances between nuclei 1 and 3, and 2
and 3, i.e. the factor r2mk

2 r
2pk
12 . Such basis functions have

the following form:

j’ki ¼ jr2nk1 r2mk

2 r
2pk
12 e�r0ðAk�I3Þri ¼ jr2nk1 r2mk

2 r
2pk
12 �ki, ð5Þ

where Ak is again a symmetric and positive definite
matrix of exponential coefficients. As demonstrated in
our application calculations for diatomic systems [1, 2,
6], large values of the powers of the internuclear
distance, ranging from 0 to a few hundred, are needed
to accurately describe the nucelus–nucleus correlation.
Large and widespread powers are particularly important
in calculations of higher excited vibrational states. This is
not only due to the larger average internuclear distances
in these states than in the ground state, but also due to
the radial nodes in these states, the number of which
increases with the level of excitation.
The aim of the present work was to derive

formulae for the Hamiltonian matrix elements with
basis functions (5). The task has been considerably
more difficult than for diatomic integrals. As in the
diatomic case, we have also used the powerful
matrix differential calculus described by Kinghorn
[7] to derive elegant and readily implementable
mathematical forms of the integrals.
We begin the presentation by introducing the nota-

tion used throughout the paper and providing some
basic information on the mathematical background. We
then show the derivation of the integrals. In the last
section we discuss the implementation of the formulae
and the specific problems that are encountered in
maintaining the accuracy of the calculations.

2. Mathematical background

Throughout this article we will use the following
definitions, notation, and matrix properties.

2.1. Definitions and notation

The Pochhammer symbol is defined as

ðaÞn ¼
Yn�1

k¼0

ðaþ kÞ ¼
G½aþ n�

G½a�
, ð6Þ

where ðaÞ0 ¼ 1, and G½x� is the Euler gamma function.
We will use the Leibniz formula to determine the Nth

derivative of the product of functions f and g:

ð f � gÞðNÞ
¼
XN
k¼0

N

k

� �
f ðN�kÞgðkÞ: ð7Þ

A matrix symbol with a bar over it ( �AA) denotes the
following Kronecker product:

�AA ¼ A� I3,

where I3 is the 3� 3 identity matrix.
The vec operator transforms a matrix into a vector by

stacking the columns of the matrix to form a single
vector and vec ab0 ¼ b� a.

The notation ½að. . . , i, j, k, l, . . .Þ�j�k, where að. . . , i, j,
k, l, . . .Þ is a quantity depending on matrix elements with
indices . . . , i, j, k, l, . . . , i ¼ 1, 2, . . . , I , j ¼ 1, 2, . . . , J,
k ¼ 1, 2, . . . ,K and l ¼ 1, 2, . . . ,L, defines the following
J � K matrix:

½að. . . , i, j,k, l, . . .Þ�j�k ¼

a11ð. . . , i, l, . . .Þ, a12ð. . . , i, l, . . .Þ, . . . , a1K ð. . . , i, l, . . .Þ

a21ð. . . , i, l, . . .Þ, a22ð. . . , i, l, . . .Þ, . . . , a2K ð. . . , i, l, . . .Þ

..

. ..
. . .

. ..
.

aJ1ð. . . , i, l, . . .Þ, aJ2ð. . . , i, l, . . .Þ, . . . , aJK ð. . . , i, l, . . .Þ

2
6666664

3
7777775:

ð8Þ

Throughout this paper we will use the Einstein
convection of summation:

aib
i ¼

X
i

aibi:

2.2. Matrix calculus

In this section we list some matrix properties that will be
used for evaluating the matrix elements of the overlap

Integrals for non-Born–Oppenheimer calculations 1171
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and Hamiltonian. Theorem 2.1 can be found in [7] and
Theorem 2.2 has been taken from [11].

Theorem 2.1. Let A and B be n � n matrices. Then

jA� Bj ¼ jAjnjBjn,

Tr½A� B� ¼ Tr½A�Tr½B�,

Tr½ �AA� ¼ 3Tr½A�,

Tr½A0B� ¼ ðvec AÞ0ðvec BÞ:

Theorem 2.2. Let G and GþH be non-singular
matrices with H ¼

PN
i¼1 Hi, C1 ¼ G, C�1

iþ1 ¼ C�1
i �

�iC
�1
i HiC

�1
i and ��1

i ¼ 1þ Tr½C�1
i Hi�, and let Hi be a

matrix of rank 1. Then

jGþHj ¼ jGj
YN
i¼1

��1
i :

Corollary 2.3. Let G ¼ Akl þ �Jii þ �Jjj þ �Jij and

Jij ¼
Eii, if i ¼ j,

Eii þ Ejj � Eij � Eji, if i 6¼ j,

�

where Eij is the n � n matrix with 1 in its ijth position
and 0 elsewhere. Then jGjð�,�, �Þ is linear in �, � and �:

Proof. Using the Laplace theorem, one can expand jGj

as a function of �, � and � as

jGj ¼
Xn
k¼1

g‘kG
?
‘k,

where G?
‘k is the cofactor of g‘k defined by

G?
‘k ¼ ð�1Þ‘þkM‘k, M‘k is the minor of matrix G, and

g‘k is a linear function of �, � or �. h

Corollary 2.4. Let G ¼ Aþ �Jii þ �Jjj þ �Jij . Then

@2jGj

@�@�
¼

@2jGj

@�@�
:

Proof. Corollary 2.3 implies that

@jGj

@�
¼

@

@�

X
k

g‘kG
?
‘k

¼
@

@�

X
k

ða‘k þ ��‘k�ki þ ��‘k�kj þ �ðJijÞ‘kÞG
?
‘k

¼
X
k

�‘k�kiG
?
‘k ¼ �‘iG

?
‘‘, ð9Þ

@jGj

@�
¼ �‘jG

?
‘‘: ð10Þ

Then

@2jGj

@�@�
¼

@

@�
�‘iG

?
‘‘ ¼

@

@�

X
m

�‘iðG
?
‘‘Þnm

� ðG?
‘‘Þ

?
nm ¼ �‘i�njðG

?
‘‘Þ

?
nn, ð11Þ

@2jGj

@�@�
¼

@

@�
�‘jG

?
‘‘ ¼

@

@�

X
m

�‘jðG
?
‘‘Þnm

� ðG?
‘‘Þ

?
nm ¼ �‘j�niðG

?
‘‘Þ

?
nn

¼ �‘j�niðG
?
nnÞ

?
‘‘: ð12Þ

h

3. Hamiltonian in internal coordinates

The non-relativistic Hamiltonian (1) expressed in the
laboratory Cartesian coordinates is transformed into
the sum of the Hamiltonian describing the motion of the
centre of mass and the internal Hamiltonian (2) by the
following coordinate transformation T̂T written here in
matrix form (T̂T : R�!½r00, r

0�
0):

T ¼

M1=m0 M2=m0 M3=m0 � � � MN=m0

�1 1 0 � � � 0
�1 0 1 � � � 0
..
. ..

. ..
. . .

. ..
.

�1 0 0 � � � 1

2
66664

3
77775� I3,

ð13Þ

where m0 ¼
PN

i Mi, r0 is the coordinate of the centre of
mass and r is a vector of internal coordinates, which has
3n ¼ 3ðN � 1Þ elements. The internal Hamiltonian can
be expressed in matrix form as

H ¼ �r0
rðM� I3Þrr þ

XN
i<j

qi, qj

rij
, ð14Þ

where M is an n � n matrix with 1=�i on the diagonal
and 1=2M1 for off-diagonal elements, and �i is the
reduced mass.

4. Basis set

The basis to be used in non-BO calculations of
molecular systems with three nuclei was introduced
in (5). To make the case more general, we consider in the
derivations the basis functions in the following form
(to obtain the basis functions (5) one needs to set ri ¼ r1,
rj ¼ r2, and rij ¼ r12):

j’ki ¼ jr2nki r2mk

j r
2pk
ij e�r0 �AAkri

¼ jr2nki r2mk

j r
2pk
ij �ki, ð15Þ
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where �AAk is a symmetric and positive definite matrix of
nonlinear variational parameters. r2ni can be expressed
in the following form:

r2ni ¼ ½r0ðJii � I3Þr�
n

¼ ð�1Þn
@n e��r0 �JJiir

@�n

�����
�¼0

: ð16Þ

Expression (16) will be used to evaluate the matrix
elements of the Hamiltonian and the overlap matrices.

5. Matrix elements

We start the evaluation of the Hamiltonian and overlap
matrix elements with the evaluation of the following
elemental integral (for details, see [5]):

h�k j �li ¼ he�r0 �AAkr j e�r0 �AAlri

¼

Z 1

0

dr e�r ð �AAk þ �AAlÞ

zfflfflfflfflfflffl}|fflfflfflfflfflffl{�AAkl

r

¼ p3n=2j �AAklj
�1=2 ¼ p3n=2jAklj

�3=2

¼ G½1=2�3njAklj
�3=2:

ð17Þ

5.1. Overlap matrix element

Taking into account that the basis function (15) can be
expressed using derivatives of the exponential part of
function (16), the overlap matrix element can be reduced
to a product of derivatives of the elemental overlap
integral (17),

S ¼ h’k j ’li ¼ hr2nki r2mk

j r
2pk
ij e�r0 �AAkr j r2nli r2ml

j r
2pl
ij e�r0 �AAl ri

¼ e�r0 �AAkr r
2ðnk þ nl
zfflfflffl}|fflfflffl{N

Þ

i r
2ðmk þml

zfflfflfflffl}|fflfflfflffl{M

Þ

j r
2ðpk þ pl
zfflfflffl}|fflfflffl{P

Þ

ij

�������
�������e�r0 �AAl r

* +

¼ �k r2Ni r2Mj r2Pij

��� ����l

D E
¼ ð�1ÞP

@P

@�P
ð�1ÞM

@M

@�M
ð�1ÞN

@N

@�N

� �k e��r0 �JJiir e��r0 �JJjjr e��r0 �JJijr
��� ����l

D E���
�¼�¼�¼0

¼ ð�1ÞP
@P

@�P
ð�1ÞM

@M

@�M
ð�1ÞN

@N

@�N

�

Z 1

�1

dr e�r0ð �AAkl þ � �JJii þ � �JJjj þ � �JJij

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{�GG

Þr

�����
�¼�¼�¼0

¼ G½1=2�3nð�1ÞP
@P

@�P
ð�1ÞM

@M

@�M
ð�1ÞN

�
@N

@�N
jGj

�3=2

����
�¼�¼�¼0

:

ð18Þ

The last term in (18) has the form

� ¼ ð�1ÞN
@N jGj

�3=2

@�N

¼
3

2

� �
N

jGj
�3=2�N @jGj

@�

� �N

: ð19Þ

Now, differentiating � with respect to �, recalling the
Leibniz formula (7) and using Corollary 2.3 we obtain

	 ¼ ð�1ÞM
@M�

@�M
¼ ð�1ÞM

3

2

� �
N

@MjGj
�3=2�N

ð@jGj=@�ÞN

@�M

¼ ð�1ÞM
3

2

� �
N

XM
k

M

k

� �
@M�kjGj

�3=2�N

@�M�k

@kð@jGj=@�ÞN

@�k

¼ ð�1ÞM
3

2

� �
N

XM
k

M

k

� �
ð�1ÞM�k 3

2
þN

� �
M�k

N!

ðN � kÞ!

� jGj
�3=2�N�Mþk @jGj

@�

� �M�k @jGj

@�

� �N�k @2jGj

@� @�

� �k

¼
N!

G½3=2�

XM
k

M

k

� �
ð�1Þ�k

�
G½3=2þN þM � k�ð@2jGj=@� @�Þk

ðN � kÞ!

� jGj
�3=2�N�Mþk @jGj

@�

� �M�k @jGj

@�

� �N�k

: ð20Þ

Finally, we need to calculate the Pth derivative of (20)


 ¼ ð�1ÞP
@P	

@�P
¼ ð�1ÞP

N!

G½3=2�

XM
k

M

k

� �

�
ð�1Þ�kG½3=2þN þM � k�ð@2jGj=@� @�Þk

ðN � kÞ!

�
@PjGj

�3=2�N�Mþk
ð@jGj=@�ÞM�k

ð@jGj=@�ÞN�k

@�P

¼ ð�1ÞP
N!

G½3=2�

XM
k

M

k

� �

�
ð�1Þ�kG½3=2þN þM � k�ð@2jGj=@� @�Þk

ðN � kÞ!

�
XP
‘¼0

P

‘

� �
@P�‘jGj

�3=2�N�Mþk

@�P�‘

�
X‘
m¼0

‘

m

� �
@‘�mð@jGj=@�ÞM�k

@�‘�m

@mð@jGj=@�ÞN�k

@�m
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¼ ð�1ÞP
N!

G½3=2�

XM
k

M

k

� �

�
ð�1Þ�kG½3=2þN þM � k�ð@2jGj=@� @�Þk

ðN � kÞ!

�
XP
‘¼0

P

‘

� �
3

2
þN þM � k

� �
P�‘

� ð�1ÞP�‘
jGj

�3=2�N�Mþk�Pþ‘

�
@jGj

@�

� �P�‘X‘
m¼0

‘

m

� �
� M � k� ‘þmþ 1ð Þ‘�m

�
@jGj

@�

� �M�k�‘þm @2jGj

@� @�

� �‘�m

� N � k�mþ 1ð Þm
@jGj

@�

� �N�k�m @2jGj

@� @�

� �m

¼
N!M!P!

G½3=2�
ffiffiffiffiffiffiffiffiffi
jGj

3
p ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M

�
ð@jGj=@�Þ

jGj

� �PXM
k

1

k!

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘X‘
m¼0

1

m!ð‘�mÞ!

�
1

ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þð@2jGj=@� @�Þ

ð@jGj=@�Þð@2jGj=@� @�Þ

� �m

: ð21Þ

Then, after substituting (21) into (18), the overlap
matrix element is given by

S ¼
2G½1=2�3n�1N!M!P!ffiffiffiffiffiffiffiffiffi

jGj
3

p ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M

�
ð@jGj=@�Þ

jGj

� �PXM
k

1

k!

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘

�
X‘
m¼0

1

m!ð‘�mÞ!ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �m����
�¼�¼�¼0

, ð22Þ

where the first and second derivatives of jGj will be
explicitly shown in section 5.3.

5.2. Coulomb matrix elements

Using the integral representation of r�1
st ,

r�1
st ¼

2ffiffiffi
p

p

Z 1

0

dx e�x2r0 �JJstr, ð23Þ

and recalling formulae (16) and (17), one readily finds
that the potential energy matrix element can be
expressed as

V ¼ ’k r�1
st

�� ��’l� �
¼ G½1=2�3nð�1ÞP

@P

@�P
ð�1ÞM

@M

@�M
ð�1ÞN

�
@N

@�N

2ffiffiffi
p

p

Z 1

0

jDj�3=2 dx

����
�¼�¼�¼0

, ð24Þ

where M ¼ mk þml, N ¼ nk þ nl , P ¼ pk þ pl and

jDj ¼ Akl þ �Jii þ �Jjk þ �Jij
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{G

þx2Jst

������
������

¼ jGþ x2Jstj:

Integration over x in the last term of (24) yields

� ¼

Z 1

0

dx jDj�3=2

¼ jGj
�3=2

Z 1

0

dx ð1þ x2Tr½GJst�Þ
�3=2

¼ jGj
�3=2Tr�1=2½G�1Jst�: ð25Þ

Now, since Jst has rank one, we can use Theorem 2.2
and rewrite (25) as follows:

� ¼ jGj
�1
ðjGjð1þ Tr½G�1Jst�Þ � jGjÞ

�1=2

¼ jGj
�1
ðjFj � jGjÞ

�1=2,
ð26Þ

where jFj ¼ jGþ Jstj is a linear function of �, � and �.
Differentiating (26) with respect to �, applying the

Leibniz formula (7) and using Corollaries 2.3 and 2.4 we
obtain

�¼ð�1ÞN
@N�

@�N
¼ð�1ÞN

XN
k¼0

N

k

� �
@N�kjGj

�1

@�N�k

@kðjFj�jGjÞ
�1=2

@�k

¼ð�1ÞN
XN
k¼0

N

k

� �
ð�1ÞN�k 1ð ÞN�kjGj

�1�Nþk @jGj

@�

� �N�k

�ð�1Þk
1

2

� �
k

ðjFj�jGjÞ
�1=2�k @jFj

@�
�
@jGj

@�

� �k
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¼
XN
k¼0

N

k

� �
1ð ÞN�k

1

2

� �
k

jGj
�1�Nþk @jGj

@�

� �N�k

� ðjFj � jGjÞ
�1=2�k @jFj

@�
�
@jGj

@�

� �k

: ð27Þ

Differentiation of (27) with respect to � gives

	 ¼ ð�1ÞM
@M�

@�M
¼ ð�1ÞM

XN
k¼0

N

k

� �
1ð ÞN�k

1

2

� �
k

XM
‘¼0

M

‘

� �

�
@M�‘jGj

�1�Nþk
ð@jGj=@�ÞN�k

@�M�‘

�
@‘ðjFj � jGjÞ

�1=2�k
ð@jFj=@�Þ � ð@jGj=@�Þð Þ

k

@�‘

¼ ð�1ÞM
XN
k¼0

N

k

� �
1ð ÞN�k 1=2ð Þk

XM
‘¼0

M

‘

� �XM�‘

s¼0

M � ‘

s

� �

�
@M�‘�sjGj

�1�Nþk

@�M�‘�s

@sð@jGj=@�ÞN�k

@�s

�
X‘
t¼0

‘

t

� �
@‘�t ð@jFj=@�Þ � ð@jGj=@�Þð Þ

k

@�‘�t

�
@tðjFj � jGjÞ

�1=2�k

@�t

¼ ð�1ÞM
XN
k¼0

N

k

� �
1ð ÞN�k

1

2

� �
k

XM
‘¼0

M

‘

� �XM�‘

s¼0

M � ‘

s

� �

� ð�1ÞM�‘�s N þ 1� kð ÞM�‘�s

� jGj
�1�Nþk�Mþ‘þs @jGj

@�

� �M�‘�s

� N � k� sþ 1ð Þs
@jGj

@�

� �N�k�s @2jGj

@� @�

� �s

�
X‘
t¼0

‘

t

� �
k� ‘þ tþ 1ð Þ‘�t

�
@jFj

@�
�
@jGj

@�

� �k�‘þt @2jFj

@�@�
�
@2jGj

@�@�

� �‘�t

� ð�1Þt
1

2
þ k

� �
t

� ðjFj � jGjÞ
�ð1=2Þ�k�t @jFj

@�
�
@jGj

@�

� �t

¼
N!

G½1=2�

XN
k¼0

XM
‘¼0

M

‘

� �
ð�1Þ‘

XM�‘

s¼0

M � ‘

s

� �
ð�1Þ�s

�
G½N þM þ 1� k� ‘� s�ð@2jGj=@� @�Þs

G½N � k� sþ 1�

� jGj
�1�Nþk�Mþ‘þs @jGj

@�

� �M�‘�s

�
@jGj

@�

� �N�k�sX‘
t¼0

‘

t

� �
ð�1Þt

�
G½1=2þ kþ t�ðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ‘�t

G½k� ‘þ tþ 1�

�
@jFj

@�
�
@jGj

@�

� �k�‘þt

ðjFj � jGjÞ
�1=2�k�t

�
@jFj

@�
�
@jGj

@�

� �t

:

ð28Þ

Then, differentiating (28) with respect to � and
simplifying gives the result


¼ ð�1ÞP
@P	

@�P
¼
ð�1ÞPN!

G½1=2�

XN
k¼0

XM
‘¼0

M

‘

� �
ð�1Þ‘

XM�‘

s¼0

M� ‘

s

� �

�
ð�1Þ�sG½N þMþ 1� k� ‘� s�ð@2jGj=@�@�Þs

G½N � k� sþ 1�

�
XP
m¼0

P

m

� � @P�mjGj
�1�Nþk�Mþ‘þs

�ð@jGj=@�ÞM�‘�s
ð@jGj=@�ÞN�k�s

� �
@�P�m

�
X‘
t¼0

‘

t

� � ð�1ÞtG½1=2þ kþ t�

�ðð@2jFj=@�@�Þ � ð@2jGj=@�@�ÞÞ‘�t

� �
G½k� ‘þ tþ 1�

�

@mðð@jFj=@�Þ � ð@jGj=@�ÞÞk�‘þt

�ðjFj � jGjÞ
�1=2�k�t

ð@jFj=@�Þ � ð@jGj=@�Þð Þ
t

 !
@�m

¼
ð�1ÞPN!

G½1=2�

XN
k¼0

XM
‘¼0

M

‘

� �
ð�1Þ‘

XM�‘

s¼0

M� ‘

s

� �

�
ð�1Þ�sG½N þMþ 1� k� ‘� s�ð@2jGj=@�@�Þs

G½N � k� sþ 1�

�
XP
m¼0

P

m

� �XP�m

a¼0

P�m

a

� �
@P�m�ajGj

�1�Nþk�Mþ‘þs

@�P�m�a

�
Xa
b¼0

a

b

	 
@a�bð@jGj=@�ÞM�‘�s

@�a�b

@bð@jGj=@�ÞN�k�s

@�b

�
X‘
t¼0

‘

t

� � ð�1ÞtG½1=2þ kþ t�

�ðð@2jFj=@�@�Þ � ð@2jGj=@�@�ÞÞ‘�t

� �
G½k� ‘þ tþ 1�
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�
Xm
c¼0

m

c

	 
 @m�c ð@jFj=@�Þ � ð@jGj=@�Þð Þ
k�‘þt

@�m�c

Xc
d¼0

c

d

	 


�
@c�dðjFj � jGjÞ

�1=2�k�t

@�c�d

@d ð@jFj=@�Þ � ð@jGj=@�Þð Þ
t

@�d

¼
ð�1ÞPN!

G½1=2�

XN
k¼0

XM
‘¼0

M

‘

� �
ð�1Þ‘

XM�‘

s¼0

M � ‘

s

� �

�
ð�1Þ�sG½N þM þ 1� k� ‘� s�ð@2jGj=@� @�Þs

G½N � k� sþ 1�

�
XP
m¼0

P

m

� �XP�m

a¼0

P�m

a

� �
ð�1ÞP�m�a

� N þM þ 1� k� ‘� sð ÞP�m�a

� jGj
�1�N�Mþkþ‘þs�Pþmþa @jGj

@�

� �P�m�a

�
Xa
b¼0

a

b

	 

M � ‘� s� aþ bþ 1ð Þa�b

�
@jGj

@�

� �M�‘�s�aþb @2jGj

@� @�

� �a�b

N � k� s� bþ 1ð Þb

�
@jGj

@�

� �N�k�s�b @2jGj

@� @�

� �b

�
X‘
t¼0

‘

t

� � ð�1ÞtG½1=2þ kþ t�

ðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ‘�t

� �
G½k� ‘þ tþ 1�

�
Xm
c¼0

m

c

	 

k� ‘þ t�mþ cð Þm�c

@jFj

@�
�
@jGj

@�

� �k�‘þt�mþc

�
@2jFj

@�@�
�
@2jGj

@�@�

� �m�c

�
Xc
d¼0

c

d

	 

ð�1Þc�d 1=2þ kþ tð Þc�dðjFj � jGjÞ

�1=2�k�t�cþd

�
@jFj

@�
�
@jGj

@�

� �c�d

�
t!

ðt� dÞ!

@jFj

@�
�
@jGj

@�

� �t�d @2jFj

@�@�
�
@2jGj

@�@�

� �d

¼
N!

G½1=2�jGj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jFj � jGj

p
ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M

�
ð@jGj=@�Þ

jGj

� �PXN
k¼0

jGj ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞð@jGj=@�Þ

� �k

�
XM
‘¼0

M

‘

� �
�jGj ð@2jFj=@� @�Þ � ð@2jGj=@� @�Þ

� �
ð@jGj=@�Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

� �‘

�
XM�‘

s¼0

M � ‘

s

� �
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �s

�
XP
m¼0

P

m

� �
�jGj ð@2jFj=@� @�Þ � ð@2jGj=@� @�Þ

� �
ð@jGj=@�Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

� �m

�
XP�m

a¼0

P�m

a

� �
G½N þM þ 1� k� ‘� sþ P�m� a�

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �a

�
Xa
b¼0

a

b

	 
 G½M � ‘� sþ 1�

G½M � ‘� s� aþ bþ 1�G½N � k� s� bþ 1�

�
ð@jGj=@�Þð@2jGj=@� @�Þ

ð@jGj=@�Þð@2jGj=@� @�Þ

� �bX‘
t¼0

‘

t

� �
t!

k� ‘þ t

�
� ð@jFj=@�Þ � ð@jGj=@�Þð Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞ ð@2jFj=@� @�Þ � ð@2jGj=@� @�Þð Þ

� �t

�
Xm
c¼0

m

c

	 
 1

G½k� ‘þ t�mþ c�

�
� ð@jFj=@� Þ � ð@jGj=@� Þð Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞ ð@2jFj=@� @�Þ � ð@2jGj=@� @�Þð Þ

� �c

�
Xc
d¼0

c

d

	 
G½1=2þ kþ tþ c� d�

ðt� dÞ!

�
�ðjFj � jGjÞðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ

ðð@jFj=@� Þ � ð@jGj=@� ÞÞðð@jFj=@�Þ � ð@jGj=@�ÞÞ

� �d

:

ð29Þ

Finally, substituting (29) into (27) and simplifying the
result we get

V ¼
4G½1=2�3n�2N!

jGj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jFj � jGj

p
ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M

�
ð@jGj=@�Þ

jGj

� �PXN
k¼0

jGj ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞð@jGj=@�Þ

� �k

�
XM
‘¼0

M

‘

� �
�jGjðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ

ð@jGj=@�Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

� �‘

�
XM�‘

s¼0

M � ‘

s

� �
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �s

�
XP
m¼0

P

m

� �
�jGjðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ

ð@jGj=@�Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

� �m

�
XP�m

a¼0

P�m

a

� �
G½N þM þ 1� k� ‘� sþ P�m� a�
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�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �a

�
Xa
b¼0

a

b

	 
 G½M � ‘� sþ 1�

G½M � ‘� s� aþ bþ 1�G½N � k� s� bþ 1�

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �bX‘
t¼0

‘

t

� �
t!

k� ‘þ t

�
� ð@jFj=@�Þ � ð@jGj=@�Þð Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞ ð@2jFj=@� @�Þ � ð@2jGj=@� @�Þð Þ

� �t

�
Xm
c¼0

m

c

	 
 1

G½k� ‘þ t�mþ c�

�
� ð@jFj=@� Þ � ð@jGj=@� Þð Þ ð@jFj=@�Þ � ð@jGj=@�Þð Þ

ðjFj � jGjÞðð@2jFj=@� @�Þ � ð@2jGj=@� @�ÞÞ

� �c

�
Xc
d¼0

c

d

	 
G½1=2þ kþ tþ c� d�

ðt� dÞ!

�

�ðjFj � jGjÞðð@2jFj=@� @�Þ
�ð@2jGj=@� @�ÞÞ

� �
ð@jFj=@� Þ � ð@jGj=@� Þ
� �

� ð@jFj=@�Þ � ð@jGj=@�Þð Þ

0
BB@

1
CCA

d ���������
�¼�¼�¼0

:

ð30Þ

5.3. Derivatives

By differentiating determinants jGj and jFj with respect
to �, � and � and setting � ¼ � ¼ � ¼ 0 we obtain

@jGj

@�

�����¼0
�¼0
�¼0

¼
@jAkl þ �Jjj þ �Jij
zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{C

þ�Jiij

@�

��������
�¼�¼�¼0

¼ jCj
@ð1þ �Tr½C�1Jii�Þ

@�

�����
�¼�¼�¼0

¼ jCjTr½C�1Jii�
��
�¼�¼�¼0

¼ Aklj jTr½A�1
kl Jii�, ð31aÞ

@jGj

@�

����
�¼�¼�¼0

¼ Aklj jTr½A�1
kl Jjj�, ð31bÞ

@jGj

@�

����
�¼�¼�¼0

¼ Aklj jTr½A�1
kl Jij�, ð31cÞ

@2jGj

@�@�

����
�¼�¼�¼0

¼
@jCjTr½C�1Jii�

@�

�����
�¼�¼�¼0

¼

 
Akl þ �Jij
�� ��Tr½Akl þ �Jjj�Tr½C

�1Jii�

� jCjTr C�1 @C

@�
C�1Jii


 �!�����
�¼�¼�¼0

¼ Aklj j Tr½A�1
kl Jjj �Tr½A

�1
kl Jii�

�
�Tr½A�1

kl JjjA
�1
kl Jii�

�
, ð32aÞ

@2jGj

@�@�

����
�¼�¼�¼0

¼ Aklj j Tr½A�1
kl Jij �Tr½A

�1
kl Jii�

�
� Tr½A�1

kl JijA
�1
kl Jii�

�
, ð32bÞ

@2jGj

@�@�

����
�¼�¼�¼0

¼ Aklj j Tr½A�1
kl Jij �Tr½A

�1
kl Jjj�

�
� Tr½A�1

kl JijA
�1
kl Jjj�

�
: ð32cÞ

Expressions (31) and (32) will be satisfied if one
replaces the Akl matrix by a sum of matrices ðAkl þ JstÞ,
and the G matrix by the F matrix.

5.4. Kinetic energy

Before we move on to the derivation of the kinetic
energy integral, let us consider some properties of the
derivative operators. Let �BB be a symmetric matrix. Then

@r0 �BBr

@r�
¼

@rn �BB
nmrm

@r�
¼ 2 �BB�mrm: ð33Þ

From (33) one can easily obtain

rr r0 �BBr
� �

¼ 2r0 �BB,

r0
r r0 �BBr
� �

¼ 2 �BrBr:
ð34Þ

Using (34) we get

rr’k ¼ rrðr
2n
i r2mj r

2p
ij �kÞ

¼ rr

	
½r0ðJii � I3Þr�

n
½r0ðJjj � I3Þr�

m

� ½r0ðJij � I3Þr�
p e�r0 �AAkr




¼ n
rrðr

0 �JJiirÞ

r2i
þm

rrðr
0 �JJjjrÞ

r2j

 

þ p
rrðr

0 �JJijrÞ

r2ij
� rrðr

0 �AAkrÞ

!
’k

¼ 2r0
n �JJii

r2i
þ
m �JJjj

r2j
þ
p �JJij

r2ij
� �AAk

 !
’k:

ð35Þ
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Moreover, the derivative of the kl density function with
respect to ð �AAklÞnm gives

@

@ð �AAklÞnm

�k�l ¼ ��k�l
@r0 �AAklr

@ð �AAklÞnm

¼ ��k�l r�
@ð �AAklÞ

��

@ð �AAklÞnm

r�

" #

¼ ��k�lr��
�
n�

�
mr�

¼ ��k�lrnrm:

ð36Þ

It follows from (36) that

@�k�l

@ðvec �AAklÞ
0
¼ ��k�lðvec rr0Þ ð37Þ

and

@’k’l

@ðvec �AAklÞ
0
¼ r

2ðnkþnlÞ
i r

2ðmkþmlÞ

j

� r
2ðpkþpl Þ
ij

@�k�l

@ðvec �AAklÞ
0

¼ �’k’lðvec rr0Þ,

ð38Þ

where the vec matrix operator was defined in section 2.1.
Hence,

@’k’l

@ðvec �AAklÞ
0
¼ � ’k ðvec rr0Þ

�� ��’l� �
: ð39Þ

Finally, using (35) we can determine the kinetic energy
matrix element as

T ¼ ’k �r0
rðM� I3Þrr

�� ��’l� �
¼ r0

rr
2nk
i r2mk

j r
2pk
ij �k

�MM
�� ��rrr

2nl
i r2ml

j r
2pl
ij �l

D E

¼ 4 ’k r0
nk �JJii

r2i
þ
mk

�JJjj

r2j
þ
pk �JJij

r2ij
� �AAk

 !�����
*

� �MM
nl �JJii

r2i
þ
ml

�JJjj

r2j
þ
pl �JJij

r2ij
� �AAl

 !
r’l

�����
+

¼ 4
	
nknlMii ’k r�2

i

�� ��’l� �
þ nkml ’k r�2

i r�2
j r0 �JJii �MM �JJjjr

��� ���’lD E
þ nkpl ’k r�2

i r�2
ij r0 �JJii �MM �JJijr

��� ���’lD E
þmknl ’k r�2

j r�2
i r0 �JJjj �MM �JJiir

��� ���’lD E
þmkmlMjj ’k r�2

j

��� ���’lD E
þmkpl ’k r�2

j r�2
ij r0 �JJjj �MM �JJijr

��� ���’lD E
þ pknl ’k r�2

ij r�2
i r0 �JJij �MM �JJiir

��� ���’lD E

þ pkml ’k r�2
ij r�2

j r0 �JJij �MM �JJjjr
��� ���’lD E

þ pkpl ’k r�4
ij r0 �JJij �MM �JJijr

��� ���’lD E
� nk ’k r�2

i r0 �JJii �MM �AAlr
�� ��’l� �

�mk ’k r�2
j r0 �JJjj �MM �AAlr

��� ���’lD E
� pk ’k r�2

ij r0 �JJij �MM �AAlr

��� ���’lD E
� nl ’k r�2

i r0 �AAk
�MM �JJiir

�� ��’l� �
�ml ’k r�2

j r0 �AAk
�MM �JJjjr

��� ���’lD E
� pl ’k r�2

ij r0 �AAk
�MM �JJijr

��� ���’lD E
þ ’k r0 �AAk

�MM �AAlr
�� ��’l� �


:

ð40Þ

Formula (40) contains an integral involving the quad-
ratic form r0Cr and the terms r�2

i , r�2
j and r�2

ij . Using
expression (39) and including r�2

i , r�2
j and r�2

ij in the bra
or in the ket we can calculate all of the required integrals

< ’kjr
0Crj’l > ¼ ’k vec ½rr0�

�� ��’l� �
vec ½C�

¼ �
@’k’l

@ðvec �AAklÞ
0
vec ½C�

¼ �
@S

@ðvec �AAklÞ
0
vec ½C�, ð41Þ

where the derivative of the overlap integral (22) with
respect to vec �AAkl is

@S

@ðvec �AAklÞ
0
¼

@

@ðvec �AAklÞ
0

�
2G½1=2�3n�1N!M!P!ffiffiffiffiffiffiffiffiffi

jGj
3

p
"

�
ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M
ð@jGj=@�Þ

jGj

� �P

�
XM
k

1

k!

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘

�
X‘
m¼0

1

m!ð‘�mÞ!ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �m����
�¼�¼�¼0

#
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¼
3

2

S

jGj

@jGj

@ðvec �AAklÞ
0
þ

NSjGj

ð@jGj=@�Þ

@½ð@jGj=@�Þ=jGj�

@ðvec �AAklÞ
0

�

þ
MSjGj

ð@jGj=@�Þ

@½ð@jGj=@�Þ=jGj�

@ðvec �AAklÞ
0

þ
PSjGj

ð@jGj=@�Þ

@½ð@jGj=@�Þ=jGj�

@ðvec �AAklÞ
0

þ
2G½1=2�3n�1N!M!P!ffiffiffiffiffiffiffiffiffi

jGj
3

p ð@jGj=@�Þ

jGj

� �N
ð@jGj=@�Þ

jGj

� �M

�
ð@jGj=@�Þ

jGj

� �P
"XM

k

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k�1

�
1

ðk� 1Þ!

@ð�jGjð@2jGj=@� @�Þ=ðð@jGj=@�Þð@jGj=@�ÞÞÞ

@ðvec �AAklÞ
0

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘

�
X‘
m¼0

1

m!ð‘�mÞ!ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �m

þ
XM
k

1

k!

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�‘

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘�1

�
@½�jGjð@2jGj=@� @�Þ=ðð@jGj=@�Þð@jGj=@�ÞÞ�

@ðvec �AAklÞ
0

�
X‘
m¼0

1

m!ð‘�mÞ!ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �m

þ
XM
k

1

k!

�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �k

�
XP
‘¼0

G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
�jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �‘X‘
m¼0

�
1

ðm� 1Þ!ð‘�mÞ!ðM � k� ‘þmÞ!ðN � k�mÞ!

�
ð@jGj=@�Þ

ð@jGj=@�Þ

� �m�1

�
@½ð@jGj=@�Þ=ð@jGj=@�Þ�

@ vec �AAkl

� �0
#)�����

�¼�¼�¼0

: ð42Þ

Taking into account that (where we use the notation
introduced in equation (8))

@

@vec A
Tr½A�1J� ¼ �Tr A�1 @A

@vec A
A�1J


 �

¼ �vec Tr A�1
ni

@Aij

@A��

A�1
jk Jkm

" #
n�m

" #" #
���

0
@

1
A

¼ �vec Tr ½A�1
ni �

i
��

j
�A

�1
jk Jkm�n�m

h ih i
���

� �

¼ �vec Tr ½A�1
n�A

�1
�k J

k
m�n�m

h ih i
���

� �

¼ �vec
X
n

A�1
�k J

k
nA

�1
n�

" #
���

0
@

1
A

¼ �vec A�1JA�1
� �0

, ð43Þ

@

@vec A
Tr½A�1JA�1K�

¼ �Tr A�1 @A

@vec A
A�1JA�1K


 �

� Tr A�1JA�1 @A

@vec A
A�1K


 �

¼ �vec

"
Tr ½A�1

ni �
i
��

j
�A

�1
jk JklA�1

lmKm
o �n�o

h i#
���

� vec

"
Tr ½A�1

ni J
ijA�1

jk �k��
l
�A

�1
lmKm

o �n�o

h i#
���

¼ �vecðA�1JA�1KA�1
Þ
0

� vecðA�1KA�1JA�1
Þ
0, ð44Þ

we can find

@

@ðvec �AAklÞ
0

ð@jGj=@
Þ

jGj

����
�¼�¼�¼0

¼
@Tr½A�1

kl J
�

@ðvec �AAklÞ
0

¼
1

3

@Tr½ �AA�1
kl

�JJ
�

@ðvec �AAklÞ
0

¼ �
1

3
ðvec ð �AA�1

kl
�JJ
 �AA

�1
kl Þ

0
Þ
0,

ð45Þ
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where 
 ¼ f�,�, �g and �JJ
 ¼ f �JJii, �JJjj , �JJijg. Moreover, one
finds that (see [7] for details)

@

@ðvec �AAklÞ
0
jGj

����
�¼�¼�¼0

¼
@j �AAklj

1=3

@ðvec �AAklÞ
0

¼
jAAklj

�2=3

3

@jAAklj

@ðvec �AAklÞ
0

¼
1

3jAklj
2

@jAAklj

@vec �AAkl

¼
jAAkljðvec ð �AA�1

kl Þ
0
Þ
0

3jAklj
2

¼
jAkljðvec ð �AA�1

kl Þ
0
Þ
0

3

ð46Þ

and

@

@ vec �AAkl

� �0 �jGjð@2jGj=@�@�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �����
�¼�¼�¼0

¼
@ð1�fTr½A�1

kl JijA
�1
kl Jjj �=ðTr½A

�1
kl Jij�Tr½A

�1
kl Jjj �ÞgÞ

@ðvec �AAklÞ
0

¼�
@ðTr½A�1

kl JijA
�1
kl Jjj �Þ@ðvec

�AAklÞ
0

Tr½A�1
kl Jij �Tr½A

�1
kl Jjj �

þ
Tr½A�1

kl JijA
�1
kl Jjj �

Tr½A�1
kl Jij�

� �2
Tr½A�1

kl Jjj �

�
@ðTr½A�1

kl Jij�Þ@

@ðvec �AAklÞ
0

þ
Tr½A�1

kl JijA
�1
kl Jjj �

Tr½A�1
kl Jij � Tr½A

�1
kl Jjj �

� �2@Tr½A�1
kl Jjj �

@ vec �AAkl

� �0
¼
ðvecð �AA�1

kl
�JJij �AA

�1
kl

�JJjj �AA
�1
kl Þ

0
Þ
0
þðvecð �AA�1

kl
�JJjj �AA

�1
kl

�JJij �AA
�1
kl Þ

0
Þ
0

3Tr½A�1
kl Jij�Tr½A

�1
kl Jjj �

�
Tr½A�1

kl JijA
�1
kl Jjj �

3Tr½A�1
kl Jij �Tr½A

�1
kl Jjj �

�
ðvecð �AA�1

kl
�JJij �AA

�1
kl Þ

0
Þ
0

Tr½A�1
kl Jij �

 
þ
ðvecð �AA�1

kl
�JJjj �AA

�1
kl Þ

0
Þ
0

Tr½A�1
kl Jjj �

!
,

ð47Þ

@

@ðvec �AAklÞ
0

�
�jGjð@2jGj=@�@�Þ

ð@jGj=@�Þð@jGj=@�Þ

� �����
�¼�¼�¼0

¼�
Tr½A�1

kl JjjA
�1
kl Jii�

3Tr½A�1
kl Jjj �Tr½A

�1
kl Jii�

�
ðvecð �AA�1

kl
�JJjj �AA

�1
kl Þ

0
Þ
0

Tr½A�1
kl Jjj�

 
þ
ðvecð �AA�1

kl
�JJii �AA

�1
kl Þ

0
Þ
0

Tr½A�1
kl Jii�

!

þ
ðvecð �AA�1

kl
�JJjj �AA

�1
kl

�JJii �AA
�1
kl Þ

0
Þ
0
þðvecð �AA�1

kl
�JJii �AA

�1
kl

�JJjj �AA
�1
kl Þ

0
Þ
0

3Tr½A�1
kl Jjj�Tr½A

�1
kl Jii�

,

ð48Þ

@½ð@jGj=@�Þ=ð@jGj=@�Þ�
��
�¼�¼�¼0

@ vec �AAkl

� �0
¼

@fjAkljTr½A
�1
kl Jjj �=ðjAkljTr½A

�1
kl Jii�Þg

@ðvec �AAklÞ
0

¼
@fTr½A�1

kl Jjj �=Tr½A
�1
kl Jii�g

@ðvec �AAklÞ
0

¼
@Tr½A�1

kl Jjj �

@ðvec �AAklÞ
0

1

Tr½A�1
kl Jii�

�
Tr½A�1

kl Jjj�

ðTr½A�1
kl Jii�Þ

�2

@Tr½A�1
kl Jii�

@ðvec �AAÞ0

¼
1

3Tr½A�1
kl Jii�

�
Tr½A�1

kl Jjj �

Tr½A�1
kl Jii�

ðvecð �AA�1
kl

�JJii �AA
�1
kl Þ

0
Þ
0

 

� ðvecð �AA�1
kl

�JJjj �AA
�1
kl Þ

0
Þ
0

!
:

ð49Þ

It is important to note that the factor that appears
before the integral (40) may make the whole
term vanish if the factor becomes zero. This occurs
when any power of r� becomes zero, since the factor
before the integral is proportional to the power value.
For example, if nk þ nl ¼ 0 or pk þ pl ¼ 0, then
nkpl ¼ 0 and there is no need to calculate any integral
that contains such a power of r�. For example, the
integral h’kr

�2
i r�2

ij r0 �JJii �MM �JJijr’li does not need to be
calculated because the factor that multiplies the integral
is zero.

6. Numerical implementation

In this section we discuss some aspects of the numerical
implementation of the above-described integrals. The
calculation of the overlap (22), potential energy (30)
and kinetic energy integrals (40) and (42) involves a
partial sum which can be written in the following
general form:

f ða, xÞ ¼
XN
k¼0

akð�xÞk, ð50Þ

where 0 � jxkj � 1, ak is a parameter function, a0 and
aN are finite, and 9n, n 2 ½1,N � 1�, an�1 � an � anþ1.
For example, in the overlap integral, a sum of the type
represented by equation (50) appears as the next to last
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sum in equation (22). The explicit form of the sum is
f ða, xÞ ¼

PP
‘¼0 a‘ð�xÞ‘, where

a‘ ¼
G½N þM þ Pþ 3=2� k� ‘�

ðP� ‘Þ!

�
X‘
m¼0

1

m!ð‘�mÞ!ðM � k� ‘þmÞ!

�
1

ðN � k�mÞ!

ð@jGj=@�Þ

ð@jGj=@�Þ

� �m����
�¼�¼�¼0

and

x ¼
jGjð@2jGj=@� @�Þ

ð@jGj=@�Þð@jGj=@�Þ
:

In calculating sum (50) a problem may occur if the
number of terms, N, in the summation is large and x is
close to one.
In general, if a numerical algorithm is coded into a

computer program and calculations are performed, the
accuracy of the result is limited by the finite binary
representation of the integers and real numbers in the
computer system used in the calculation. Hence, the
numerical result may be unstable if the computational
process introduces a large numerical error. In the case of
calculating the sum (50), numerical instability can be
introduced by alternation of the sign of the terms
corresponding to even and odd powers of ð�xÞ. As a
result, large numbers may need to be subtracted and the
sum of the differences may be much smaller than any
individual term in the sum, leading to a loss of accuracy.
The simplest approach to the numerical implementa-

tion of sum (50) can be done by performing term-by-
term summation of the series. For very large values of ak
and for x close to one, such an approach usually quickly
generates an overflow error even if high precision (e.g.
quadruple) is used in the calculation. The relative error
in the summation accumulates rapidly in each step of
the procedure. Of course, one can split the summation
into positive and negative subseries and subtract the two
sums at the end of the calculation, but this does not
usually eliminate the numerical error.
There is only one certain way to remove the

accumulation of error; this is by increasing the precision
of the calculations. Since, as mentioned above, non-BO
molecular calculations require the use of basis functions
with high powers of ri and rij, leading to a large number
of terms in the summations in the integrals, there may be
a need to increase the calculation precision in the
numerical implementation of the expressions derived in
this work. There are various ways to increase the
precision of the calculation. For example, one can use

the commercial software package The Base One Number
Class.1 The Base One Number Class software includes
the implementation of decimal arithmetic up to 100
significant digits in precision. Another approach could
be to develop a custom-made, high-precision operator
package that involves the use of an all-integer repre-
sentation of the rational numbers (i.e. in the computer
implementation, each number is represented as a
fraction involving two integer numbers: i=k, i, k 2 I).
In an integer-based representation (i=k) the main
problem which must be solved is the overflow error.
Hence, in the implementation of an operation such as
þ, � , 	 , = the high precision should be mentioned and
the standard integer operators cannot be used.

The most common problem of any high-precision
calculation is high memory and CPU use. This limits the
types of problems which can currently be examined
using such calculations. The problem described in this
work may belong to this category. However, rapidly
developing hardware and software computer technology
may soon overcome the accuracy limitations inherent
with present-day computers. The demand for computers
allowing for much higher precision of calculations is
growing and may soon be met by the development of
new computer designs that satisfy these requirements.
The algorithms presented here would certainly benefit
from such a development.

7. Conclusion

In this work, we have presented algorithms for
calculating the Hamiltonian and overlap matrix ele-
ments involved in non-Born–Oppenheimer calculations
of molecular systems with three nuclei. The numerical
implementation of the algorithms was also discussed.
Since the integrals involve summations of large numbers
of elements with alternating signs, their calculation may
require increased computational precision. Possible
options for such an increase in precision are mentioned.
There are also other ways the precision problem can be
circumvented. One can, for example, consider using
orthogonal polynomials of powers of the distances
r1, r2 and r12 as pre-exponential multipliers. Linear
coefficients multiplying the r1, r2 and r12 powers in the
polynomials can, perhaps, be chosen in such a way that
sums of terms with alternating signs can be eliminated
from the integrals. Work in this direction will be carried
out in our laboratory.

1Copyright � 1993–2004, Base One International
Corporation, http://www.boic.com/.
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